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Abstract:

The momentum autocorrelation function of a heavy particle in a finite one-dimensional crystal, po¥)(7),

is compared with the same function in an infinite crystal, p,*’(7), by obtaining an explicit upper bound for the mag-
nitude of the difference, |y (r) — po=)(r)|. The precise meaning of the statement that py*)(r) is approximately a
simple exponential is reviewed, and precise meaning is given to the statement that p,V)(7) decays exponentially.

ver 50 years ago, Professor Debye recognized that

density variations or fluctuations play an essential

role in the interpretation of the thermal conductivity of

crystalline solids.! His paper was one of the first on

the properties of crystals containing defects. There is

now an enormous and still-growing literature on the
subject.

The investigations of the time-dependent properties
of a heavy particle substituted in a harmonic crystal
have been extensive and numerous?—*" because of the
relevance of this system to statistical mechanical theo-
ries of Brownian motion. In these investigations, the
momentum autocorrelation function of the heavy
Brownian particle has been evaluated only in the limit
of an infinite crystal. In the present paper we obtain
estimates of the same momentum autocorrelation func-
tion in the case of a finite one-dimensional crystal.
This work was stimulated by a discussion with R, W,
Zwanzig, and it is based on a method used recently by
Rubin and Ullersma!® for estimating the momentum
autocorrelation function of particles in a special finite
harmonic oscillator system, the Bernoulli chain.

The one-dimensional, nearest neighbor crystal model,
which we consider, consists of 2NV + 1 particles with
periodic boundary conditions. The particles are la-
beled from — N to N, and all particles except O have a
mass m while particle 0 has the mass M > m. There
are two equivalent expressions for the momentum auto-
correlation function of particle 0 in a finite crystal.
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The first, which was obtained by Rubin,® is
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Q = (M — m)/m, wo = 2(k/m)"/* is the maximum fre-
quency of an infinite and perfect one-dimensional crystal,
and k is the nearest neighbor force constant. The path
of the line integral in eq 1 is a line parallel to the imagin-
ary p axis and to the right of all singularities of the
integrand. The second expression for the momentum
autocorrelation function is 319-2!

) 2N 41
M) = T Xo? cos (@) )

where X, is the amplitude of particle 0 in the »th nor-
malized normal mode vector and w, is the frequency of
the »th normal mode.

In estimating the value of p'V(¢) for a finite crystal, we
will need the second of the foregoing representations.
The explicit form for eq 2 is given in Hemmer’s thesis.?
Because the thesis is not readily available, we will
derive the explicit form of eq 2 from eq | in the re-
mainder of this section, and then obtain estimates of eq 2
for finite Vin section II.

In the case of a finite crystal, the only singularities of
the integrand in eq 1 are simple poles located on the
imaginary p axis, Among these is a pole at p = 0,
corresponding to zero frequency, free translation of the
system. The remaining poles occur at zeros of the
denominator

D@yy =1 — @y%[0,iy], p =iy 3)

The function ¢{{0,iy] in eq 3 has been evaluated by Wallis
and Maradudin.?? Its value is

{0,iy] = —y=X(1 — y~ cot [(2N + 1) sin™* y] (4)
Substituting eq 4 in eq 3, we obtain the following tran-
scendental equation for the zeros of the denominator
D(iy)

14 Qtan(sin-!p)cot[(2 N+ 1)sin—tp] =0 (5)
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In our model, when Q@ > 0, there is one zero of D(iy)
located in each of the intervals

. fm(v — 1) ) T
sm<2N+1><yy<sm<2N+1>
v=1 ..., N

In addition, it is clear from the form of eq 5 that there is
also a zero at —y,. The value of the integral ineq 1 is
simply the sum of the residues of the integrand at each
of the poles

po¥() = 52T

INF1+ 0
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For the denominator in eq 6, we obtain

(dD(p)/dp) s =i = 2Qip410,ip.] +

2i0y,%2N + 1)1 %j [sin2< s >— 2]_2—
Py w1 "] T
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S==N
20iy,410,in,] + i@y H&I0,iy)/dy,) =
iyA20¢00,ip] + Q1 — ».2)7/(2N + 1) X
csc? [(2N + D) sin—! y] —
orl(l — »p™ =y~ = pHy X
cot [N + D)sin—t p1} (7)

Equation 6, after insertion of eq 7, can be considerably
simplified with the aid of the following identities.

001 = (@r.5)!
cot [QN + Dsin~! y,] = —(1 — ».)"/Qy,
cse? [N + Dysin™! y,] = [(Q* — Dp.2 + 1)/Q%,2

The final form of the expression for the momentum
autocorrelation function is

s 0+ 1 1
po ) = o 1{1 Y ooN F i T
(1 — »,»cos(p7)
) @ = Iy + 1+ QN T+ } ®

where p, is the vth zero of

Q'D(iy,) = Q7'+ y(l — pH™"
cot [(2N + 1) sin—! y,] (8a)

and where 7 = wo. Equation 8 has the form of eq 2,
a sum over the normal modes, and was obtained by
Hemmer.? Note that of the 2N¥ + 1 distinct normal
mode frequencies of the system, only N + 1 appear in
eq 8. Montroll and Potts, 23 in investigating the normal
modes of vibration of such a single defect system, have
noted that aside from the zero frequency mode, N of
the normal mode eigenvectors are even with respect to
the position of the defect particle and N are odd.
Consequently, only the former appear explicitly in eq 8.
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It should also be noted that in the limit Q — 0,
e., M — m, the expression for po"™(r) assumes the
form obtained by Mazur and Montroll24

po™M(r) = @N + 1)-1{1 + 22:51 cos (yy“”f)} ©®)

where »,9 = 7v/QN + 1)andv =1, ..., N are the
roots obtained from eq 8a. It was noted* in the N =
« limit that there is some simplification in the form of
po®X(7) when Q = 1, iie., M = 2m. When Q =
and N is finite, eq 8 becomes

) N
pe™M(r) = (N + 1)—1{1 +22(1 = 5. cos (W)}
(10)

Estimate of Time Dependence of po!¥ (7). The method
of estimating the time dependence of po'¥(7) in eq 8 is
straightforward and is identical with that used by Rubin
and Ullersma'® in a related problem. In the limit in
which ¥ — «, the sum in eq 8 can be replaced by an
integral

co)(T) — (Q + l)fl[l 2(:“)] cos [y(:u)T] d (11)

(Q* — Dy*(w) + 1
sin (wu/2), and so

where y(u) =

= Y costm
V(@ =Dy r1 Y U2

Equation 12 was obtained by Hemmer? and is equivalent
to the contour integral obtained by Rubin.%* Our
problem now is to obtain an explicit estimate of the
difference between po'¥(7) and po'®’(7). First note that
the magnitude of the difference between po¥’(7) and the
related sum in eq 13 satisfies the following inequality

pul™)(r) = ( + D27~

N Q+1 (I —pHcos(pn) o 2+ 1
‘pom(r) - < N >Z O = Dyii1 < SN F 1
(13)

where y, is the root of eq 8a which lies between sin
[r(» — DJ2N 4+ 1)] and sin [7»/2N 4 1)]. Next
consider the magnitude of the difference between the
integral po®)(7) in eq 11 and its approximating sum
po(7) based on the points

y(v/n) = sin (wv/2N), v =1,...,,N
The magnitude of the difference satisfies the inequality *
0o’ A7) — po(7)] < N~ (14)
where U, the variation of the integrand in (11), is
d (11 — y*w)] cos [y(w)]|
+nfaf a (15)
-e+h @ - w1 )

By an identical argument, the magnitude of the dif-
ference between po(r) and the sum in eq 13 satisfies the
inequality

+ 1 1 — p,»)cos ,r‘

PO( ) _ Q Z( - Y ) - (y )
(@*— Dy + 1]
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< N1 (16)




The following upper bound can be obtained for the
variation of the integrand in (11)

V< (Q + D@7t + 1)

Consequently we obtain an explicit upper bound on the
difference [po'=(1) — po™(7)]. Itis

ps7) = po ()] < 2NV +
(@ + DN + 7t < (L + @ )mrN— +
(Q + DI2N-' + N + D)™ (D)

It is known from earlier work#%¢ that when Q > 1 and
N = &

i) = (G ) ewt=r@r = D1 <
2hgmt 0 g K
{ormigmn S s @9

Combining (17) and (18), we obtain finally

1o ™M(T) — exp(=T)| < 22Q-' X
min{1,7=/AQT)~""} + (xT + Y)QN-* (19)

where we have introduced the new time variable T =
7/Q measured in units of the relaxation time of the
exponential. In addition, terms of order N-! and Q-
have been neglected in comparison with unity. The
estimate for the momentum autocorrelation function
00"™(T) is useful provided that the error bound on the
right-hand side of eq 19 is small compared to the ex-
ponential on the left-hand side. We will now examine
the nature of the error estimate in (19) in more detail.
First we consider the special case N = « and then the
general case of finite N.

N = = and Q>1. Inthelimit N = «, it is readily
verified that when T' = « In Q, the ratio of the error
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bound to the exponential in eq 19 is
® = Q/m)Q*~/(a In Q)= (20)

The ratio approaches zero for @ < 5/,. For example,
when ¢ = 2 and Q = 104, the ratio ® =~ 1.01 X 10—
and T =< 18.42. Thus in this example, after 18 relaxa-
tion times, the correction to the exponential is less than
10—+ of the value of the exponential. It is clear that as
Q increases, the T interval in which the exponential is a
good approximation to po'’(T’) increases ~ « ln Q and
the error in the approximation approaches zero
~ Q*~C/ (In Q)~"* where a < /.

Finite N, N > Q > 1. We now consider the in-
equality (19) when N > Q@ > 1. ForT = aIn Q,
the ratio of the error bound to the exponential in eq 19 is

& = @/m Q=" (aln Q)" +
N-1Q*¢(raln Q + ) (21)

In the preceding case the term proportional to N—! was
absent. In the present case, if Q >> 1 and N = QlTe+é
where 0 < 8 < (%/s) — a, then the second term on the
right-hand side dominates the first

R Q0 Araln @+ o) (22)

and the ratio ® approaches zero in the limit Q — =,
N = Q'tetf  For example, when & = 1, Q = 104,
and 8 = 1, the ratio ® = 2,94 X 10-% and T =2 9.21.
In this example the correction to the exponential is less
than 3 X 102 of the value of the exponential after nine
relaxation times. It is clear that, as Q increases and
with N= Q! Te+# the T interval in which the exponential
is a good approximation to po'™(T) increases ~aln Q
and the error in the approximation approaches zero at
least as fast at @~ ©@+PIn Q, where & > 0and 8 + « < ¥/a.

It is in the above sense that the momentum autocor-
relation function of a heavy particle in a finite crystalis a
simple exponential.
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